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^ '■ ABSTRACT 

o 

We construct a supersymmetric formulation of linearized New Massive Gravity 
without introducing higher derivatives. Instead, we introduce supersymmetrically a 
/\ . set of bosonic and fermionic auxiliary fields which, upon elimination by their equa- 

c^ . tions of motion, introduce fourth-order derivative terms for the metric and third-order 

derivative terms for the gravitino. Our construction requires an off-shell formulation 
of the three-dimensional supersymmetric massive Fierz-Pauli theory. We discuss the 
non-linear extension of our results. 
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1 Introduction 

New Massive Gravity (NMG) is a higher-derivative extension of three-dimensional (3D) 
Einstein-Hilbert gravity with a particular set of terms quadratic in the 3D Ricci tensor 
and Ricci scalar [1]. The interest in the NMG model lies in the fact that, although 
the theory contains higher derivatives, it nevertheless describes, unitarily, two massive 
degrees of freedom of helicity +2 and —2. For many purposes, it is convenient to work 
with a formulation of the model without higher derivatives, see, e.g. [2]. This can be 
achieved by introducing an auxiliary symmetric tensor that couples to (the Einstein 
tensor of) the 3D metric tensor and has an explicit mass term [1]. 

A supersymmetric version of NMG was constructed in [3]. Besides the fourth-order- 
derivative terms of the metric tensor this model also contains third-order-derivative 
terms involving the gravitino. The purpose of this work is to construct a reformulation 
of this supersymmetric NMG model (SNMG) without higher derivatives. This requires 
that besides an auxiliary symmetric tensor, we introduce further auxiliary fermionic 
fields that effectively lower the number of derivatives of the gravitino kinetic terms. 

At the linearized level the NMG model decomposes into the sum of a massless 
spin-2 Einstein-Hilbert theory and a massive spin-2 Fierz-Pauli (FP) model [1]. In the 
supersymmetric case we therefore need a 3D massless and a 3D massive spin-2 super- 
multiplet. We only consider the case of simple yY = 1 supersymmetry. In this paper 



we will explicitly construct the linearized, massive, off-shell spin-2 supermultiplet, pay- 
ing particular attention to the auxiliary field structure. We will obtain this massive 
spin-2 FP multiplet by starting from a 4D (linearized) massless spin-2 supermultiplet, 
performing a Kaluza-Klein (KK) reduction over a circle and projecting onto the first 
massive KK sector. The final form of the 3D off-shell massive spin-2 supermultiplet is 
then obtained after a truncation and gauge-fixing a few Stiickelberg symmetries. Along 
with the construction of the massive, off-shell spin-2 multiplet, we will look in detail at 
its massless limit. As is well-known, already in the bosonic case, this limit is non-trivial 
and should be taken with care. Indeed, the massless limit of the massive spin-2 FP 
theory, coupled to a conserved energy-momentum tensor, does not lead to linearized 
General Relativity, a result known as the van Dam-Veltman-Zakharov (vDVZ) discon- 
tinuity [4,5]. Starting from the massive FP supermultiplet obtained, we will explicitly 
illustrate how a supersymmetric version of this vDVZ discontinuity arises (see also [6] 
for an earlier discussion). 

Having constructed the off-shell massive spin-2 supermultiplet, it is rather straight- 
forward to construct a linearized version of SNMG without higher derivatives, by ap- 
propriately combining a massless and a massive spin-2 multiplet. This theory contains 
three vector-spinors, whereas the higher- derivative version contains only one gravitino 
field. This is due to the fact that the massive multiplet contains two gravitini, unlike 
the massless multiplet that only contains one. The reason for this is that a massive 
gravitino describes a single helicity 3/2 state whereas JV = 1 SNMG contains two 
fermionic massive degrees of freedom of helicity +3/2 and —3/2. We will show that 
two of the vector-spinors are actually auxiliary like the auxiliary symmetric tensor in 
the bosonic case. In particular, we will explicitly show how, by eliminating the differ- 
ent bosonic and fermionic auxiliary fields, we re-obtain the linearized approximation of 
the higher- derivative SNMG model given in [3]. At the linearized level, we will distin- 
guish between two types of auxiliary fields: the "trivial" and "non-trivial" ones. The 
difference between them is that only the elimination of the non-trivial auxiliary fields 
leads to higher derivatives in the action. The trivial ones are only needed to obtain a 
supersymmetry algebra that closes off-shell. 

The extension to the non-linear case, in the presence of both the trivial and non- 
trivial auxiliary fields, is not obvious. One way to see this, is by noting that our 
construction of the massive spin-2 multiplet is based upon a KK truncation which can 
only be performed consistently at the linearized level. We consider the alternative 
option that first, at the linearized level, one eliminates only the trivial auxiliary fields 
of the massive spin-2 supermultiplet but keeps all the other ones. This implies that at 
the linearized level the supersymmetry algebra closes on-shell but that the action does 
not contain higher derivatives. We will show that in principle the extension to the non- 
linear case in this situation is possible but that the answer is not illuminating. This 
is in contrast to the higher-derivative formulation of SNMG where the contributions 
to the bosonic terms of the single auxiliary scalar S of the massless multiplet can be 
nicely interpreted as a torsion contribution to the spin-connection [3]. 



This work is organized as follows. In section 2 we show how the 3D supersymmet- 
ric Proca theory is obtained from the KK reduction of a 4D massless spin-1 Maxwell 
multiplet. This serves as an explanatory discussion for section 3, in which we extend 
this analysis to the spin-2 case and obtain the supersymmetric FP model. The corre- 
sponding supersymmetry algebra closes off-shell and contains 3 auxiliary scalars and 
one auxiliary vector. In section 4 we use these results to construct a linearized version 
of SNMG without higher derivatives. We explicitly show how, after eliminating all 
bosonic and fermionic auxiliary fields, the higher derivatives of the metric and grav- 
itino are introduced. In section 5 we discuss our attempts to extend our results to the 
non-linear case. Our conclusions are presented in section 6. There are two appendices. 
In appendix A we summarize some properties of the off-shell massless multiplets that 
occur in this work. In appendix B we show, as a spin-off of the main discussion, how 
the trick that can be used to boost up the derivatives in the FP model, see e.g. [7], can 
be extended to the fermionic case to boost up the number of derivatives in a massive 
gravitino model. 

2 Supersymmetric Proca 

In this section we show how to obtain the 3D supersymmetric Proca theory from the KK 
reduction of an off-shell 4D JV = 1 supersymmetric Maxwell theory and a subsequent 
truncation to the first massive KK sector. This is a warming-up exercise for the spin-2 
case which will be discussed in the next section. 

2.1 Kaluza— Klein reduction 

Our starting point is the 4D ^ = 1 supersymmetric Maxwell multiplet which consists 
of a vector V^, a 4-component Majorana spinor ip and a real auxiliary scalar F. We 
indicate fields depending on the 4D coordinates and 4D indices with a hat. We do 
not indicate spinor indices. The supersymmetry rules, with a constant 4-component 
Majorana spinor parameter e, and gauge transformation, with local parameter A, of 
these fields are given by 
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In the following, we will split the 4D coordinates as x^ = {x^, x^), where x^ denotes 
the compactified circle coordinate. Since all fields are periodic in x^, we can write them 



as a Fourier series. For example: 



%{x^) = Y,Vi.,n{x^)e 
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(2.2) 



where m 7^ has mass dimensions and corresponds to the inverse circle radius. The 
Fourier coefficients V^,n(a^'^) correspond to three-dimensional (un-hatted) fields. We 
first consider the bosonic fields. The reality condition on the 4D vector and scalar 
implies that only the 3D (n = 0) zero modes are real. All other modes are complex 
but only the positive {n > 1) modes are independent, since 
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In the following we will be mainly interested in the n 
imaginary parts we indicate by 



n ^ . (2.3) 
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Similarly, the Majorana condition of the 4D spinor ip implies that the n = mode 
is Majorana but that the independent positive (n > 1) modes are Dirac. This is 
equivalent to two (4-component, 3D reducible) Majorana spinor s which we indicate by 

1 



^« = l(^i + 5-Vt) 
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Here B is the 4x4 matrix B = iCTq, where C is the 4x4 charge conjugation matrix. 
Substituting the harmonic expansion (2.2) of the fields and a similar expansion 
of the gauge parameter A into the transformation rules (2.1), we find the following 
transformation rules for the first {n = 1) KK modes: 

-eFgV^^^) - mA(2) - m^^^^) ^ 

-eF3^(2) + mA(^) + m^^^^^ , 

-eF^V^'^ + -^^A^'^ - m^V^'^ , 
-eF^7/>(2) + 9^A(2) + ^^yji) , 

ieFsF^S^V^^^) - imeV^Tsip^^^ - m^F^^^ , (2-6) 

ieFgF^S^V^^^) + imeFsFsV^^^) + m^F^^^ , 
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Ir'^'F^'Je + \m,d,<j^^'h + '-T.F^'h - jm.vi'h + m^^W 



where we have defined 

A(^ = ^ (Ai + At) , A(2) = ^ (Ai - At) . (2.7) 

Apart from global supersymmetry transformations with parameter e and gauge trans- 
formations with parameters A'^^^ A^^\ the transformations (2.6) also contain a global 
SO (2) transformation with parameter ^, that rotates the real and imaginary parts of the 
3D fields. This SO (2) transformation corresponds to a central charge transformation 
and is a remnant of the translation in the compact circle direction.^ 

In order to write the 3D 4-component Majorana spinors in terms of two irreducible 
2-component Majorana spinors it is convenient to choose the following representation 
of the F-matrices in terms of 2 x 2 block matrices: 



^o4J'^^^g;)'^=^Co 



^.={i' : )> r3=(: :), r,=(^ -;). (2.^ 



The 3D 2 X 2 matrices 7^ satisfy the standard relations {7^, •y^} = 2rj^i, and can be 
chosen explicitly in terms of the Pauli matrices by 

7/, = (2Cri,Or2,0-3)- (2.9) 

In this representation the 4D charge conjugation matrix C is given by 

C=il ° V (2.10) 



where 



-e 



1 
-1 



(2.11) 



is the 3D charge conjugation matrix. 

Using the above representation the 4-component Majorana spinors decompose into 
two 3D irreducible Majorana spinors as follows: 

■,{1) _ (^^\ W,(2) - /^A . - (^^ 



^'"^Q- *'"n;:j- 'n.)' f^'^^) 



^This is a conventional central charge transformation. Three-dimensional supergravity also allows 
for non-central charges from extensions by non-central R-symmetry generators [8] , recently discussed 
in [9]. 



In terms of these 2-coniponent spinors the transformation rules (2.6) read 

50(1) = -eiX2 + £2X1 - mA^^^ - m^0(2) , 

(50(2) = _e^^2 + £2^^! + mA^^'^ + m^0(i) , 

SV^'^ = -ea.Xi - 627^X2 + d,A^'^ - m^l^j^) , 

SV^'^ = -ei7^^i - e27MV'2 + d,A^'^ + m^V^'^ , 

<5F(i) = -ei7^9^X2 + e27'^5MXi - ^(eiV^i + £2^2) - m^F^^) , 

5F(2) = -ei7^5^^2 + e27'''9^^i + m(eiXi + £2X2) + Ki^^^ , 



(2.13) 



6x1 = l^'Fl^'Je, + ^(7'^9^0(^) + F(i) + 7^7^^^^ )e2 - m^^i 
5X2 = ^7^"i^i;.^e2 - \{Yd,<p'^'^ + FW + m7^V;(2))ei - m^^^ 
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5^1 = ^7^"i^i'^ei + ^(7'^5m0^'^ + F^'^ - mYVi''>)e2 + mix 

bi,2 = lY''F^lh2 - \{rd,<j>^'^ + F(2) - mYV^'^)e^ + mix2 • 

If we take m — )■ in the above multiplet we obtain two decoupled multiplets, 
(0(1), V^^^), F(i), xi, X2) and (0(2), \/^(^), F(2),'0i, ^/^s). Either one of them constitutes a 
massless ^ = 2 vector multiplet. This massless limit has to be distinguished from the 
massless limits discussed in subsections 2.3 and 3.2, which refer to limits taken after 
truncating to ^ = 1 supersymmetry. 

2.2 Truncation 

In the process of KK reduction, the number of supercharges stays the same. The 3D 
multiplet (2.13) we found in the previous subsection thus exhibits four supercharges 
and hence corresponds to an ^ = 2 multiplet, containing two vectors and a central 
charge transformation. One can, however, truncate it to an ^ = 1 multiplet, not 
subjected to a central charge transformation and containing only one vector. This 
truncated multiplet will be the starting point to obtain an ^ = 1 supersymmetric 
version of the Proca theory. The ^ = 1 truncation is given by: 

0(2) = y^d) = f(2) = x2 = V'l = , (2.14) 

provided that at the same time we truncate the following symmetries: 

e^ = A(i) = ^ = . (2.15) 



Substituting this truncation into the transformation rules (2.13), we find the following 
JV = 1 massive vector supermultiplet: ^ 



^^2 = l^'Fl^lh^ , (2.16) 

6F^^'^ = €21^0^X1 - me2ip2 ■ 

Redefining 62 — ?■ e , A*^^) — )■ A and 

0(1) -). 40 ^ \/(2) _^ ^^ ^ _p{i) ^ _^ ^ ^2 -^ V , Xi -^ X and m -)■ 4m , 

(2.17) 

we obtain 
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1 
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(5F = —e'y'^dnX + 4meV^ , 



5^ = -7^'^i^M-e , (2.18) 



5x = 7'^^M0e-7^e 



where the covariant derivative D^ is defined as 

D^(P = d^(P + mV^. (2.19) 

The transformation rules (2.18) leave the following action invariant: 

I^ = j£x(-^F^,F>^''-^D,(PDy-2ij^i:-^X^X+miJX + ^FA . (2.20) 

The gauge transformation with parameter A is a Stiickelberg symmetry, that can 
be fixed by imposing the gauge condition 

= const . (2.21) 

Taking the resulting compensating gauge transformation 



^Note that the field content given in (2.16) is that of massless jy = 2. In the massive case, however, 
the scalar field will disappear after gauge-fixing the Stiickelberg symmetry. 



into account, we obtain the final form of tlie supersymmetry transformation rules of 
the ^ = 1 supersymmetric Proca theory: 

8 (2.23) 

5x = mYeV^ ~ 4^^ ' 

SF = —e^^dfj_x + ^meilj . 
The supersymmetric Proca action is then given by 

/proca = j d'x (~F,,F^^ -\rr?v^v^ -1^^^- l^^X + rn^X + ^i^') ■ 

(2.24) 

This finishes our description of how to obtain the 3D off-shell massive ^ = 1 vector 
multiplet from a KK reduction and subsequent truncation onto the first massive KK 
sector of the 4D off- shell massless ^ = 1 vector multiplet. 

2.3 Massless limit 

We end this section with some comments on the massless limit {m — )■ 0). Taking 
the massless limit in (2.18), we see that the Proca multiplet splits into a massless 
vector multiplet and a massless scalar multiplet. Note that a massless vector multiplet 
can be coupled to a current supermultiplet. This is a feature that we would like to 
incorporate, in view of the upcoming spin-2 discussion. We will do so by coupling the 
above supersymmetric Proca system to a conjugate multiplet (J^, ^^, ^^, Jp), where 
Jfj, is a vector, ^^ and ^^ are spinors and Jp is a scalar. Our starting point is then 
the action 

I = -^Proca + -^int , (2.25) 

where the interaction part lint describes the coupling between the Proca multiplet and 
the conjugate multiplet: 

/int = V'J^ + ^J^ + X A + F^F ■ (2-26) 

Requiring that /jnt is separately invariant under supersymmetry, determines the trans- 
formation rules of the conjugate multiplet: 

^Ji. = ^ ^l^ud"/^ + me 7^ A , 

^/^ = -7^e Jf, - 4me Jp , 

_ 1 _.._ (2.27) 

4m 



ed^J^ + Y^d^Jp 



^Jf = 4 e A 



Taking the massless limit in the action (2.25) and transformation rules (2.23), (2.27) is 
non-trivial, due to the factors of 1/m that appear in the transformation rules. In order 
to be able to take the limit in a well-defined fashion, we will work in the formulation 
where the Stiickelberg symmetry is not yet fixed. Note that this formulation can be 
easily retrieved from the gauge fixed version, by making the following redefinition in 
the action (2.24) and transformation rules (2.23): 

V^ = % + -9^0 . (2.28) 

m 

Applying this redefinition to (2.24) and (2.23) indeed brings one back to the action 
(2.20) and to the transformation rules (2.18), whose massless limit is well-defined. The 
massless limit of the interaction part /jnt (after performing the above substitution) 
and of the transformation rules (2.27) of the conjugate multiplet, is however not well- 
defined. In order to remedy this, we will impose the constraint that J^ corresponds to 
a conserved current, i.e. that 

d^'J^ = . (2.29) 

In order to preserve supersymmetry, we will also take ^^ = and Jp = 0.'^ The 
conjugate multiplet then reduces to a spin-1 current super multiplet. 

The massless limit is now everywhere well-defined. The transformation rules (2.18) 
reduce to the transformation rules of a massless vector (V^, ip) and scalar (0, x, F) mul- 
tiplet, see eqs. (A. 11) and (A. 6), respectively. Performing the above outlined procedure 
and taking the limit m ^ leads to the following action 



J d'x[(-^F^,F'^'' -2^P^iJ + V>'J^ + ^P^.^^ 



-Ud,<pd^<P+^X^X-^F'^] , (2.30) 

which is the sum of the supersymmetric massless vector and scalar multiplet actions, 
see eqs. (A. 12) and (A. 7), respectively. The vector multiplet action is coupled to a spin- 
1 current multiplet. Note that there is no coupling left between the current multiplet 
and the scalar multiplet. This will be different in the spin-2 case, as we will see later. 



3 Supersymmetric Fierz— Pauli 

In this section we extend the discussion of the previous section to the spin-2 case, 
skipping some of the details we explained in the spin-1 case. We use the same notation. 



■^Strictly speaking, preservation of the constraint d^Jf_i = under supersymmetry leads to the 
constraint 0^x ~ ^ ^^'^ preservation of this new constraint leads to the constraint DJp — 0. We 
are however interested in the massless limit, in which the conserved currents (J^, ^^) and the fields 
ia^X' '-^f) form two separate multiplets, that couple to a massless vector and scalar multiplet respec- 
tively. Since we are mostly interested in the coupling of the supercurrent multiplet (J^, ^i/j) to the 
vector multiplet, we will simply set the fields {^x^ '^f) equal to zero. 



3.1 Kaluza— Klein reduction and truncation 

Our starting point is the off-shell 4D jY = 1 niassless spin-2 multiplet which consists 
of a symmetric tensor hf^p , a gravitino ipf^ , an auxiliary vector Afi and two auxiliary 
scalars M and A^. This corresponds to the linearized version of the 'old minimal 
supergravity' multiplet. The supersymmetry rules, with constant spinor parameter e, 
and gauge transformations of these fields, with local vector parameter A^ and local 
spinor parameter fj, are given by [10, 11]: 



5h 



flU 



eTtnipo) +%Ai> 



(A^M ' 



6M 



-\^'' dphf^e - ^r^(M + t T,N) e + \i A^T.e - ^i T^rM^Fse + ^^r) , 



p"'\ji 
5N = -ieV^Vp'^dp'4) 



(3.1) 



p^A ' 



SA; 



-eV.Vtd.ij'.-i-eV.VaTP'^d,^-. 



Like in the spin-1 case we first perform a harmonic expansion of all fields and local 
parameters and substitute these into the transformation rules (3.1). Projecting onto 
the lowest KK massive sector we then obtain all the transformation rules of the real 
and imaginary parts of the n = 1 modes, like in eq. (2.6) for the spin-1 case. We 
indicate the real and imaginary parts of the bosonic modes by: 

^i'^ - ^ (^.3.1 - ^;3,i) , 

^^ ~ Yi ^^^'^ " ^^'^-^ ' 
P''' - ^ (^3,1 - Al,) , 
M(2) = i. (Ml - M*) , 
Ar(2) = ^ (ATi - AT*) , 



e 


= 2 ( V,i + h%,i) 


v!^' 


= 2 (^/.3,i + /i^a.i) 


<P'' 


= 2 (^33,1 + /i33,l) 


4' 


- ^ (^M.i + ^;;,i) 


p(i 


= I (^3,1 + Al,) 


M(i 


= i (Ml + M,^) , 


ATd 


^liN, + N*) , 



(3.2) 



while the fermionic modes decompose into two Majorana modes: 



^, 



(1) 
(1) 



i (v^,,i + s- v;,i) > V' 



C^ = ^ (^3,1 + B-'^Pl,) , ^f ^ 1 (^3,1 - 5-V3,i) 



(2) 
(2) 
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:57 (^M.i - ^"'^M,i) 
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(3.3) 
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We next use the representation (2.8) of the F-matrices and decompose the 4- 
component spinors into two 2-component spinors as follows: 






'€ = ( :r ) . '*3 








^2 , 

Furthermore, we perform the following consistent truncation of the fields "^ 

0^'^ = V^^) = /^S = M(2) = iV(i) = P(2) = 41) = X2 = ^1 = V^.i = X,2 = (3.5) 

and of the parameters 

^f = A? = ei = vi'^ = V? = e = . (3.6) 

For simplicity, from now on we drop all numerical upper indices, e.g. 0*^^-' = 0, and all 
numerical lower indices, e.g. ip^i = ip^^ of the remaining non-zero fields (but not of the 
parameters). We find that the transformation rules of these fields under supersymme- 
try, with constant 2-component spinor parameter e, and Stiickelberg symmetries, with 
local scalar and vector parameters A3 , A^ , and 2-component spinor parameters rji and 



"^If we take the massless limit before the mentioned truncation we find two copies of a ^ = 2 
massless spin-2 muhiplet plus two copies of a ^ = 2 massless spin-1 multiplet, see also text after 
(2.13). 
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?72, are given by^ 

5(f) = -ex-mAs , 
^V'/x = -^Y^dphx^e + Y^7/.Me + — 7^Pe + d^T]^ , 

5^ = --Y^dpVxe - —Ne - -^YA^e + mr]2 , 
SXf. = -^YdpV^e + -mYhp^e - -^l^Ne + -A^e - —l^^YA^e + 9^r/i , (3.7) 



(^X = —-Ydp4>e — —Me + -Pe — -mYVpe — mrji 



SM = -eYdpX + eY^dp^x - meYXp , 
SN = -eYdpiJ - eY%Xx + meY^p , 

SP = eYdpX + -eY^dptpx + meYXp , 

3 11 

^Ap, = -t-ip'^^dpXx - e-fpY^dpXx + ^np^dpip - edpip - -me^ipP^p + me^jp . 

The action invariant under the transformations (3.7) is given by 

+2h^"'dpd^(j) - 2hd''da(f) - F^'^Fp^ + Amh^'^d^pV^) - Arnhd^Vp 
-A^pY^'d.^p - AxpY^'d.Xp + S^Y'dpX. + S^^pY^d^x + Sm^pY^Xu 
-^M^-^iV^ + V + ^A.A-}, (3.8) 

where h = rj^^hp^ and G^}^{h) is the hnearized Einstein tensor. We observe that the 
action is non-diagonal in the bosonic fields {hpy , V^ , 0) and the fermionic fields {iljp , x) 

and (Xm>^)- 

Finally, we fix all Stiickelberg symmetries by imposing the gauge conditions 

= const , V;. = 0, ^ = 0, X = 0. (3.9) 



^The 4D analogue of this multiplet, in superfield language, can be found in [12]. 



12 



Taking into account the compensating gauge transformations 

A3 = 0, 



A/. = — eXM ) 
m 

1 (3.10) 



1 

12m 



^2 = T7^{N + YAp)e, 



we obtain the final form of the supersymmetry rules of the 3D J^ = 1 off-shell massive 
spin-2 multiplet: 

lib 

H, = -\Y%K,e + ^^^{M + P)e + -^d,{N + YA,)e , 

5x, = \mYK,e + \A,e - ^^,{N + YA,)e - -^d,{M - 2P)e , 

5M = -eY''dpilj^-m-eYXp, (3.11) 

5N = -eY^dpXx + meYi^p , 

6P = -eY%^x + meYxp , 

3 1 

SAp = -e-fY^dpXx - e-fpY^dpXx - -me-fpyp + mei/jp . 

These transformation rules leave the following action invariant: 



A^^Y'^'d.^P - "^XpY^'d^Xp + Smij^Y'^Xu (3-12) 

}• 



9 9 9 9 

3 3 3 3^ 



The first line is the standard Fierz-Pauli action. The fermionic off-diagonal mass term 
can easily be diagonalized by going to a basis in terms of the sum and difference of the 
two vector-spinors.^ 

The above action shows that the three scalars M, N, P and the vector Ap are 
auxiliary fields which are set to zero by their equations of motion. We thus obtain the 



^The +3/2 and —3/2 helicity states are described by the sum and difference of the two vector- 
spinors. See also appendix B. 
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on-shell massive spin-2 multiplet with the following supersymmetry transformations: 

SiJ, = -\Y''d,h,^e , (3.13) 

It is instructive to consider the closure of the supersymmetry algebra for the above 
supersymmetry rules given the fact that, unlike in the massless case, the symmetric 
tensor h^^, does not transform under the gauge transformations 6h^i, = d^A^ + 9,yA^ 
and the only symmetries left to close the algebra are the global translations. We find 
that the commutator of two supersymmetries on /i^j, indeed gives a translation, 

[Si,S2\h^u = edph^u, (3.14) 

with parameter 

e = \e2i^e, . (3.15) 

To close the commutator on the two gravitini requires the use of the equations of 
motion for these fields. From the action (3.12) we obtain the following equations: 

Y^'d^Xp = mY''^. , (3.16) 

and a similar equation for ip^j^. These equations of motion imply the standard spin-3/2 
Fierz-Pauli equations 

(3.17) 
d^X, = , Yx, = , 

and similar equations for ^^. A useful alternative way of writing the equations of 
motion (3.16) is 

^l^J=d[^Xu]+m^[^^/j,]=0. (3.18) 

Using these two ways of writing the equations of motion as well as the FP conditions 
that follow from them we find that the commutator on the two gravitini gives the same 
translations (3.15) up to equations of motion. More specifically, we find the following 
commutators 

Am 8m 

4m 8 ^^jQ-^ 

[Si, S2] X, = rdux, + l^^S^ - \^'ip^\^^ 

1 Tfi 

Hence, the algebra closes on-shell. 
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3.2 Massless limit 

Finally, we discuss the massless limit m — )• of the supersymmetric FP theory. This is 
particularly interesting in view of the fact that the massless limit of the ordinary spin-2 
FP system, coupled to a conserved energy-momentum tensor does not lead to hnearized 
Einstein gravity. Instead, it leads to linearized Einstein gravity plus an extra force, 
mediated by a scalar that couples to the trace of the energy-momentum tensor with 
gravitational strength. This phenomenon is known as the van Dam-Veltman-Zakharov 
discontinuity. In the following, we will pay particular attention to this discontinuity in 
the supersymmetric case. 

In order to discuss the massless limit, it turns out to be advantageous to trade the 
scalar fields M and P for scalars S and F, defined by 

S = -{M + P), F = -(M-2P) . (3.20) 

6 3 

This field redefinition will make the multiplet structure of the resulting massless theory 
more manifest. In order to discuss the vDVZ discontinuity, we will include a coupling 
to a conjugate multiplet (T^^, ^^, ^^,Ts,T]\r,Tp,T^), as we did in the Proca case. 
Here Tf^^ is a symmetric two-tensor, ^^, ^^ are vector-spinors, T^ is a vector and 
Tp, Tsi T/v are scalars. We will thus start from the action 

/ = JfP + /int , (3.21) 

where /pp is the supersjTumetric FP action (3.12) and the interaction part /int is given 

by 



'int 



VT^" + V'/./'j; ^Xi./^^STs^FTF^NT^ + A^T^^. (3.22) 



Requiring that lint is separately invariant under supersymmetry determines the trans- 
formation rules of the conjugate multiplet: 



^Jt = 7"e T^, + T7M«e 9"T5 + m^,e T^ + -7,06 T^ ' me T^ , 



1 in 

T7M"e d"Ts + m7^e Tn + ^ 

lit Zi 

6Ts = isT"^* , (3.23) 

1 



^T^ = -J^'^'^^ 



X 



IQm 



5 



As in the Proca case, one should go back to a formulation that is still invariant under the 
Stiickelberg symmetries, in order to take the massless limit in a well-defined way. This 
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may be achieved by making the following field redefinitions in the final transformation 
rules (3.11) and action (3.12) thereby re-introducing the fields (V^ , 0' , x' , V') that were 
eliminated by the gauge- fixing conditions (3.9): 

h^u = h^v {d^yy + dyV^,) H ::d^dy(t)' , 

rn ^ m^ 

1 1 

V'm = ^M - -^/.^ > X^ = Xm + ^^t^x' ■ (3.24) 

Applying this field redefinition in (3.11) then leads to transformation rules^, whose 
massless limit is well-defined. In order to make the massless limit of the interaction 
part lint and of the transformation rules (3.23) well-defined, we impose that T^^ and 
^^ are conserved 

d'T^, = , a'^^/ = , (3.25) 

and we put ^^, Tp, T/v and T^ to zero in order to preserve supersymmetry and to 
obtain an irreducible multiplet in the massless limit. The conjugate multiplet (3.23) 
then reduces to a spin-2 supercurrent multiplet (T^u, ^^ ■, Ts) that contains the energy- 
momentum tensor T^^, and supersymmetry current ^jf- 

As in the Proca case, the massless limit is now well-defined. Performing the above 
outlined steps on the action (3.21) and taking the massless limit leads, however, to 
an action that is in off-diagonal form. This action can be diagonalized by making the 
following field redefinitions: 



-7,X' , S = S'--^ 



V^ = h'^^l' + %i^^' , ^/. = ^^ + 77mX' , S = S' --F , x^ = x'^ - ^^tp . (3.26) 



The resulting action is given by 

- F^-F^, - ^Ar2 + Ia^A^ - ^t^i^'^d^x^^ - Hl^d^^ 



(3.27) 



This is an action for three massless multiplets : a spin two multiplet {h'^^.ip'^^S'), a 
mixed gravitino-vector multiplet*^ (V^, xIj,-?/', A^, A^) and a scalar multiplet {(f)',x',F). 



^These resulting transformation rules are given by the transformation rules (3.7), provided one 
makes the following substitution: h^^ — > h^^, 'ipf_i — > -0^, X/^ -^ X/j, -^ —4>' and x ^ x'/4- 
^An on-shell version of this multiplet was introduced in [13]. 
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These multiplets and their transformation rules are collected in appendix A.^ The spin- 
2 multiplet couples to the supercurrent multiplet in the usual fashion. Unlike the Proca 
case however, the supercurrent multiplet does not only couple to the spin-2 multiplet, 
but there is also a coupling to the scalar multiplet, given in the last line of (3.27). 
Indeed, defining 

7; = r^^%. , J = J-Y/;^, Tf = -^-Ts, (3.28) 

one finds that the fields (T^, ^ ,Tp) form a conjugate scalar multiplet with transfor- 
mation rules 



1 

1 



^J = -\eT^^^^ed,Tp, (3.39) 



5Ti. = f/ , 

such that the last line of (3.27) is invariant under supersymmetry. 

We have thus obtained a 3D supersymmetric version of the 4D vDVZ discontinuity. 
The above discussion shows that the massless limit of the supersymmetric FP theory 
coupled to a supercurrent multiplet, leads to linearized .JV = 1 supergravity, plus 
an extra scalar multiplet that couples to a multiplet that includes the trace of the 
energy- momentum tensor and the gamma-trace of the supercurrent. 

4 Linearized SNMG without Higher Derivatives 

Using the results of the previous section we will now construct linearized New Massive 
Supergravity without higher derivatives but with auxiliary fields. Furthermore, we 
will show how, by eliminating the different "non-trivial" bosonic and fermionic auxil- 
iary fields, one re-obtains the higher-derivative kinetic terms for both the bosonic and 
fermionic fields. We remind that by a "non-trivial" auxiliary field we mean an auxiliary 
field whose elimination leads to higher-derivative terms in the action. 

Consider first the bosonic case. The linearized version of lower-derivative ("lower") 
NMG is described by the following action [1]: 



/iJ-MG(lower) = j £x[- h^^G'^ih) + 2g^^Gj°(/^) - m\q>^''q,, - i 



(4.1) 



where h^y and q^y are two symmetric tensors and q = rj^^q^u- The above action can 
be diagonalized by making the redefinitions 



^The transformation rules of the different multiplets can also be found by starting from the trans- 
formation rules of the massive FP multiplet and carefully following all redefinitions as outlined in the 
main text, provided one performs compensating gauge transformations. 
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after which we obtain 

Inmg [A B]= J£x{- A^^G'^, {A) + B^^G'^ (B) - m' {B^^B,^ - B')] . (4.3) 

Using this diagonal basis it is clear that we can supersymmetrize the action in terms 
of a massless multiplet (A^^, A^, S) and a massive multiplet (-B^y, ip^, x^' ^' ^' ^^ ^a«)- 
Transforming this result back in terms of h^^ and g^i^ and making the redefinition 

K = P^^~ ^M (4-4) 

we find the following linearized lower- derivative supersymmetric NMG action 

^SNMG(lower) = j d'x[~ h^'^'G'^ih) + 2rG'^{h) - m\q^''q,. - q') + 8S' 

- Im' - In' + Ip' + Ia,a^ (4.5) 

This action is invariant under the following transformation rules 



(4.6) 



where 



^h^y 


= e7(MPv) , 








(^Pm 


= -\Y''{d,K.)e 


+ ls,,e 


+ l^-nXM 


+ P)e, 


5S 


= {er^'p,. - \n 








v = 


2 [d^p^ - d^p^) , 


i^tiv 


= i^{di.iJu- 


- dyi)^) 



(4.7) 



plus the transformation rules for the massive multiplet (g^,y , V^^ , x^ , M, N, P, A^) 
which can be found in eq. (3.11), with hf^^ replaced by g^y. We have deleted 1/m terms 
in the transformation of h^j^y and p^ since they take the form of a gauge transformation. 
Note also that the auxiliary field S transforms to the gamma trace of the equation of 
motion for p^. 

The action (4.5) contains the trivial auxiliary fields {S, M, N, P, A^) and the non- 
trivial auxiliary fields (g^jy , ^^ , Xii)- The elimination of the trivial auxiliary fields does 
not lead to anything new. These fields can simply be set equal to zero and disappear 
from the action. Instead, as we will show now, the elimination of the non-trivial aux- 
iliary fields leads to higher- derivative terms in the action. To start with, the equation 
of motion for q^^ can be used to solve for g^,^ as follows: 

5m- = ^2GHih) - ^,V,.G'^nh) , (4.8) 
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where G^^{h) = rj^^^G^™{h). One of the vector-spinors, ip^, occurs as a Lagrange 
multipher. Its equation of motion enables one to solve for x^l'■ 

X, = -^Y''l,Pf>.. (4.9) 

The equation of motion of the other vector-spinor, x^, can be used to solve for ip^ in 
terms of Xij.'- 

V^M = -^7'"^7,Xp. , (4.10) 

and hence, via eq. (4.9), in terms of p^. One can show that the solution of tp^ in terms 
of (two derivatives of) p^ is such that it solves the constraint 

-f^^'^i,^, = . (4.11) 

We now substitute the solutions (4.8) for q^y and (4.9) for Xn back into the action and 
make use of the identity 

-^X^l'^'d^Xp = ^P^'^P.u - —^P^.l^''Pl'"'p.p , (4.12) 

where we ignore a total derivative term. One thus obtains the following linearized 
higher-derivative ("higher") supersymmetric action of NMG [3]: 

4^MG(higher) = Jd'x[- h>^^G'^{h) + Ap^Y'^'dyp, + 8^^ (4.13) 

m^ 8 m^ m^ 

The action (4.13) is invariant under the supersymmetry rules 

Sp, = -\Y''d,h,^e + ]^S^,e , (4.14) 

5S = fr^P.u , 

where we made use of the constraint (4.11) to simplify the transformation rule of 
S. Under supersymmetry the auxiliary field S transforms to the gamma-trace of the 
equation of motion for p^, since the higher-derivative terms in this equation of motion 
are gamma-traceless and therefore drop out. 

Alternatively, the higher-derivative kinetic terms for p^ can be obtained by boosting 
up the derivatives in the massive spin-3/2 FP equations in the same way as that has 
been done for the spin-2 FP equations in the construction of New Massive Gravity [1], 
except for one subtlety, see appendix B. 

This finishes our construction of linearized SNMG. In the next section we will 
discuss to which extent this result can be extended to the non-linear case. 
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5 The non-linear case 

Supersymmetric NMG without "non-trivial" auxiliary fields, i.e. with higher deriva- 
tives, has already been constructed some time ago [3]. This action only contains the 
auxiliary field 5* of the massless multiplet. A characteristic feature is that there is 
no kinetic term for S and in the bosonic terms 5* occurs as a torsion contribution to 
the spin-connection. However, due to its coupling to the fermions it cannot be elimi- 
nated from the action. Thus, in the non-linear case we cannot anymore identify S as 
a "trivial" auxiliary field. 

We recall that, apart from the auxiliary field S, in the linearized analysis of sec- 
tion 3 and 4 we distinguish between the trivial auxiliary fields (M, A^, P, A^) and the 
non-trivial ones (g^i/ , ^^ , Xp.)- Only the elimination of the latter ones leads to higher 
derivatives in the Lagrangian. In the formulation of [3] only the auxiliary field 5* oc- 
curs. One could now search either for a formulation in which all other auxiliary fields 
occur or for an alternative formulation in which only the non-trivial auxiliary fields 
{Qiu' , 'ipfi ) X/i) cire present. In this work we will not consider the inclusion of all auxil- 
iary fields any further. It is not clear to us whether such a formulation exists. This 
is based on the fact that our construction of the linearized massive multiplet makes 
use of the existence of a consistent truncation to the first massive KK level. Such a 
truncation can only be made consistently at the linearized level. 

Before discussing the inclusion of the non-trivial auxiliary fields (g^j, , ip^^ , Xp.) it is in- 
structive to first consider the linearized case and see how, starting from the (linearized) 
formulation of [3] these three non-trivial auxiliary fields can be included and a formula- 
tion with lower derivatives can be obtained. Our starting point is the higher-derivative 
action (4.13) and corresponding transformation rules (4.14). We first consider the 
bosonic part of the action (4.13), i.e. 

^^(higher) = Jd'x{- h^'^G'IZ (h) + 8S' + ^ {R^'^R,. - \R'f''] . (5.1) 

We already know from the construction of the bosonic theory that the derivatives can 
be lowered by introducing a symmetric auxiliary field q^i, and writing the equivalent 
bosonic action 

^.(lower) = I d^x[- h^-'Gll {h) + 8S^ + 2g^^G'J^(/i) - m^ {q'^'^q^, -Q^)} ■ (5-2) 

The field equation of g^,^ is given by eq. (4.8) and substituting this solution back into 
the lower-derivative bosonic action (5.2) we re-obtain the higher-derivative bosonic 
action (5.1). 

We next consider the fermionic part of the higher-derivative action (4.13), i.e. 

/;^°^(higher) = / d^x {Ap^r^'d^p, + ^Pab^ Pab - ^pabr'^l'^'pcd] ■ (5.3) 
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To lower the number of derivatives we first replace the terms that are quadratic in p^^ 
by the kinetic term of an auxiliary field Xni while adding another term with a Lagrange 
multiplier -^^ to fix the relation between p^y and x^: 

i^^^ (lower) = j £x {Ap^r^'d^Pp - ^X^Y^'d^Xp - ^^p {T' P.p - mY'^Xu) ] ■ 

(5.4) 

The equation of motion for ip^ enables us to express Xp. iii terms of p^^. The result 
is given in eq. (4.9). Substituting this solution for Xn back into the action, the terms 
linear in the Lagrange multiplier ip^ drop out and we re-obtain the higher-derivative 
fermionic action given in eq. (5.3). 

Adding up the lower- derivative bosonic action (5.2) and the lower-derivative fer- 
mionic action (5.4) we obtain the lower-derivative supersymmetric action (4.5), albeit 
without the bosonic auxiliary fields (M, A^, P, A^). We only consider a formulation in 
which these auxiliary fields are absent. 

Having introduced the new auxiliary fields [q^^, , ip^ , Xp) we should derive their su- 
persymmetry rules. They can be derived by starting from the solutions (4.8), (4.9) and 
(4.10) of these auxiliary fields in terms of h^j_v and p^ and applying the supersymmetry 
rules of h^u and p^ given in eq. (4.14). This leads to supersymmetry rules that do not 
contain the auxiliary fields. These can be introduced by adding to the supersymmetry 
rules a number of (field-dependent) equation of motion symmetries. We thus find the 
intermediate result: 



1 



% = --{Y'^dph^.^e + -^7^^ , 



5S = ^er^'p.u , 

1 (5.5) 

SQpu = Hifji^u) H (^d(^Xu) , 

4 2m 

These transformation rules are not yet quite the same as the ones given in eq. (4.6). 
In particular, the transformation rules of S and x^l ^ire different. The difference is yet 
another "on-shell symmetry" of the action eq. (4.5), with spinor parameter 77, given by 



5S = --vY-'iJ,. , 

\ (5.6) 
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The transformation rules in eqs. (4.6) and (5.5) are therefore equivalent up to an on- 
shell symmetry with parameter rj = e: 

4usy(eq. (4.6)) = 4usy(eq. (5.5)) + 5on-shcii(^ = e) . (5.7) 

We now wish to discuss in which sense the previous analysis can be extended to 
the non-linear case. For simplicity, we take the approximation in which one considers 
only the terms in the action that are independent of the fermions and the terms that 
are bilinear in the fermions. Furthermore, we ignore in the supersymmetry variation 
of the action terms that depend on the auxiliary scalar S. Since terms linear in S only 
occur in terms bilinear in fermions this effectively implies that we may set 5* = in 
the action. In this approximation the higher-derivative action of SNMG is given by [3] 

rnonlin /T,;„u„„N /j3^„J a ry / ,^,\ , r>iiuab / -,\ d l'r,\ d2 



(higher) = j £xe[-m (cO) + ^R'"'"' (^) R,uab {C^) - ^i?' 



+ Ap.^^^^D, {UJ) pp + ^-pab {UJ) U) {UJ) p^'' [Gj) - —-p^,[Cj)^^-l!)[Cj)Y''p,a{(^) 






A,R,uab (cI') PpY'Yp^' (^) - A.R {Co) p^Yp,. {^) (5.^ 






-|- higher-order fermions and S-dependent terms > . 



Note that we have replaced the symmetric tensor hf^^^ by a Dreibein field e^". Keep- 
ing the same approximation discussed above the action (5.8) is invariant under the 
supersymmetry rules 

2 (5.9) 

5p^ = D^ (u) e . 

We first consider the lowering of the number of derivatives in the bosonic part of 
the action. Since the Ricci tensor now depends on a torsion-full spin connection we 
need a non-symmetric auxiliary tensor g^^^,. The action (5.8) can then be converted 
into the following equivalent action: 



/sTmg (higher) = Jd^xe^-AR (tu) - m" (g^'^g^,, - q^) + 2g^''^G^,, 



OJ 



+ Ap^r^'D, {Cj) Pp + \pab {Cj) Jj) {Cj) p'^' {uj) - ^-p,,{u)Y'' IPiCj)!"" Ppa{uj) 






- ^R^..ab{Cj)-p,Y''Yp''\Cj) - ^R{Cj)-p^Yp,u {Cj) (5.10) 






+ higher-order fermions and S-dependent terms \ 
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The equivalence with the previous action can be seen by solving the equation of motion 
for Qi^y. 

q,,u = ^G,,, (u) - ^9,.G'' {^) (5.11) 

and substituting this solution back into the action. Note that the solution for q^,^ is 
not super-covariant. 

We next consider the lowering of the number of derivatives in the fermionic terms 
in the action. Following the linearized case we define an auxiliary vector-spinor x^l as 

X, = -^Y''l,Ppa{u;) , (5.12) 

or equivalent ly 

P/.^ (w) = -m-f[f,Xu] ■ (5.13) 

The first equation is the non-linear generalization of eq. (4.9). Using this definition 
one can show the following identity 

= ~Aex,r'''D,icu)xp - -eR,Mu)p,r''r''rXa ^^"^^^ 

m 

+ higher-order fermions and total derivative terms , 

which is the non-linear generalization of the identity (4.12). This identity can be used 
to replace the higher- derivative kinetic terms of the fermions by lower-derivative ones. 
At the same time we may use eq. (5.13) to replace p^,y by Xn- This can be done 
by introducing a Lagrange multiplier ip^ whose equation of motion allows us to use 
eq. (5.12). This leads to the following action: 

^sTmg (lower) = j d\e[-AR {(b) + 2g^'^G^,, (c2;) - m^ (g^'^g^,, - q^) 

+ Ap^Y'^PD, {u) p, - Ax.l^'^PD, {u) xp - ^^.r^'Pup (cl^) + ^m^.r^Xu 

- -R,,ab (co) ppY'^rVx. + -R,.ab (u;) ppY'^Yrx' 

m m 

-^R(co)p,Y'Xu--Ri^)p''X, 
m m 

+ higher-order fermions and S-dependent terms > . (5.15) 

Our next task is to derive the supersymmetry rules of the auxiliary fields g^^i, , ipfj, 
and x^l■ Using the solutions of the auxiliary fields in terms of e^" and p^ we derived these 
supersymmetry rules. In this way one obtains supersymmetry rules that do not contain 
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any of the auxiliary fields and, consequently, do not reduce to the supersymmetry rules 
(4.6) upon linearization. To achieve this, we must add to these transformation rules a 
number of field-dependent equation of motion symmetries, like we did in the linearized 
case. Since the results we obtained are not illuminating we refrain from giving the 
explicit expressions here. 

A disadvantage of the present approach is that, although in principle possible in 
the approximation we considered, one cannot maintain the interpretation of S* as a 
torsion contribution to the spin-connection. This makes the result rather cumbersome. 
It would be interesting to see whether a superspace approach could improve on this. 
Without further insight the lower-derivative formulation of SNMG, if it exists at all at 
the full non-linear level, does not take the same elegant form as the higher-derivative 
formulation presented in [3]. 

6 Conclusions 

In this work we considered the ^ = 1 supersymmetrization of New Massive Gravity 
in the presence of auxiliary fields. All auxiliary fields are needed to close the super- 
symmetry algebra off-shell. At the linearized level, we distinguished between two types 
of auxiliary fields: the "non-trivial" ones whose elimination leads to higher derivatives 
in the Lagrangian (these are the fields q^uyi^fi and Xm) ^^^ the "trivial" ones whose 
elimination (if possible at all at the full non-linear level) does not lead to higher deriva- 
tives (these are the fields 5", M, N, P and A^). We found that at the linearized level all 
auxiliary fields could be included leading to a linearized SNMG theory without higher 
derivatives. At the non-linear level we gave a partial answer for the case that only the 
trivial auxiliary S and the non-trivial auxiliaries q^u,'ipfi and Xfj, were included. To ob- 
tain the full non-linear answer one should perhaps make use of superspace techniques. 
The answer without the non-trivial auxiliaries and with higher derivatives can be found 
in [3]. 

We discussed a 3D supersymmetric analog of the 4D vDVZ discontinuity by taking 
the massless limit of the supersymmetric FP model coupled to a supercurrent multiplet. 
We showed that in the massless limit there is a non-trivial coupling of a scalar multiplet 
(containing the scalar mode of the metric) to a current multiplet (containing the trace 
of the energy-momentum tensor). This is the natural supersymmetric extension of what 
happens in the bosonic case and supports the analysis of [6]. 

As a by-product we found a way to "boost up" the derivatives in the spin-3/2 FP 
equation, see appendix B. The trick is based upon the observation that, before boosting 
up the derivatives like in the construction of the NMG model, one should first combine 
the equations of motion describing the helicity -1-3/2 and —3/2 states into a single 
parity-even equation with one additional derivative. 

It is natural to extend the results of this work to the case of extended, i.e. ^ > 
1, supersymmetry, or to 'cosmologicaF massive gravity theories. Higher-derivative, 
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linearized versions of NMG with extended supersymmetry, or anti-de Sitter vacua, were 
given in [14,15]. Of special interest is the case of maximal supersymmetry since this 
would correspond to the KK reduction of the JV = 8 massless maximal supergravity 
multiplet which only exists in a formulation without (trivial) auxiliary fields. We expect 
that having a formulation of this maximal SNMG theory without higher- derivatives 
will be useful in finding out whether this massive 3D supergravity model has the same 
miraculous ultraviolet properties as in the 4D massless case. 

A OfF-shell JK = 1 Massless Multiplets 

In this appendix we collect the off-shell formulations of the different massless multiplets 
with ^ = 1 supersymmetry. The field content of these multiplets can be found in 
Table 1. 



multiplet 


fields 


off-shell 


on-shell 


s = 2 


l^flU 1 V^/i ) '-' 


4+4 


0+0 


s = 1 


Vf,,N,Af,,x,.,i^ 


6+6 


1+1 


s = 


<P,X,F 


2+2 


1+1 


gravitino multiplet 


X/i 1 ^fi ) D 


4+4 


0+0 


vector multiplet 


i^^,V' 


2+2 


1+1 



Table 1: This Table indicates the field content and off-shell/on-shell degrees of freedom 
of the different massless multiplets. Only the massless multiplets above the double 
horizontal line occur in the massless limit of the FP model. 



s=2 The off-shell version of the 3D massless spin-2 multiplet is well-known. The 
multiplet is extended with an auxiliary real scalar field S. The off-shell supersymmetry 
rules are given by 



Sh 



flU 



^ifii^u) 



6S 



-^Y^dph.^e+^Sj.e 



(A.l) 



e7^>, 



111/ ) 



where 



-^tiu = 2 {dii-^u - d^i)^) . 



(A.2) 
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These transformation rules leave the following action invariant: 

Is=2 = J d'x {/I'^^Gj:: (h) - A^p^^-^Pd^^lj, - 85^} . (A.3) 

s=l The off-shell "mixed gravitino- vector" multiplet consists of a propagating vector 
V^, an auxiliary vector A^, an auxiliary scalar A^, a vector spinor x^i and a spinor ip. An 
on-shell version of this multiplet, called "vector-spinor" multiplet, has been considered 
in [13]. The off-shell supersymmetry rules are given by 



oC ; 



Sx, = -lrF.,e - li,Y'F,,e - ^^,Ne + ^A,e - ^7^7"^.^ , (A.4) 



^A^ = e7"9„V^ - e7°^9. 



X/3 



3 

SA^ = -e7^°^9aX/3 - e-f^-f'^^daXf3 + e-f^'^da'^ + ed^i/j ■ 

Note that this multiplet is irreducible. It cannot be written as the sum of a gravitino 
and vector multiplet. These multiplets are given below. The supersymmetric action 
for this multiplet is given by 

/.=i = jd'x{- F'^-'F,, - ^Ar2 + Ia^A>^ - Ax^.Y'^f'd^Xp - Hl^d.ilj] , (A.5) 

with F^y = d^Vy- dyV^ . 

s=0 The off-shell scalar multiplet consists of a scalar 0, a spinor x a^nd an auxiliary 
scalar F. The off-shell supersymmetry rules are given by 



50 = T^X 



5x = l'e{d,ct>)--Fe, (A.6) 



1 

4' 



5F = -eYd.x ■ 
The supersymmetric action for a scalar multiplet is given by 

d'x { - dyd,^ - -xi^d^x + Y^i^'} • (A.7) 

Besides the massless multiplets discussed so-far there is a separate gravitino and 
vector multiplet. The vector multiplet arises in section 2 in the massless limit of the 
Proca theory. For completeness we give these two multiplets below. 
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gravitino multiplet The off-shell gravitino multiplet consists of a gravitino Xfj,^ ^^ 
auxiliary vector A^ and an auxiliary scalar D. The off- shell supersymmetry rules are 
given by 

5A, = Uy^'i^Xp. , (A.8) 

6D = ^eY^Xp. , 



where 



Xt^u = 2 i^t^Xu - d^Xp) ■ (A.9) 



These transformation rules leave the following action invariant: 

/.=3/2 = j d\[- ^XpT'd^Xp - \a^A^ + 2D^] . (A.IO) 

vector multiplet The off-shell vector multiplet consists of a vector V^ and a spinor 
ip. The off-shell supersymmetry rules are given by 

5V^ = -^Ip'ip , 
5,lj=^-Y'^eF,,, (A.ll) 

with F^y = d^Vy — dyVfj, . The supersymmetric action for a vector multiplet is given by 

Is=i = j d^x[- ^F^'F^, - 2^7^9^^} . (A.12) 

This finishes our discussion of the massless multiplets in three dimensions. 

B Boosting up the Derivatives in Spin-3/2 FP 

In this appendix we show how the higher-derivative kinetic terms for the gravitino p^ 
can be obtained by boosting up the derivatives in the massive spin-3/2 FP equations 
in the same way as that has been done for the spin-2 FP equations in the construction 
of New Massive Gravity [1] except for one subtlety. 

Our starting point is the following fermionic action with two massive gravitini, ^^ 
and Xpj each of which carries only one physical degree of freedom in 3D, 



/ [^, x]= d'x\- Aij^Y'^Pd^^p - 4x,r''Pd,Xp + Smij^Y'^Xu ■ (B.l) 
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The equations of motion following from this action are given by 

l^^'d.ijp - niY^Xu = , Y'^'d.Xp - mY"^, = . (B.2) 

Note that each one of the equations (B.2) can be used to solve for one gravitino in 
terms of the other one. However, this solution does not solve the other equation. 
Therefore, one cannot substitute only one solution back into (B.l) because one would 
lose information about the differential constraint encoded in the other equation. 
After diagonalization 

Ci = V^M + X/. , C^ = V^M - Xm • (B.3) 

we obtain the massive FP equations for a helicity +3/2 and -3/2 state: 

{$ + m)Cl = 0, Yd = , a'^C; = , (B.4) 

(^-m)c; = 0, rC = 0, 5^CJ = 0. (B.5) 

To boost up the derivatives in these equations we may proceed in two ways. One 
option is to boost up the derivatives in each equation separately by solving the cor- 
responding differential constraint. In a second step one should then combine the two 
higher-derivative equations by a single equation in terms of p^ by a so-called "solder- 
ing" technique which has also been applied to construct New Massive Gravity out of 
two different Topologically Massive Gravities [16]. Alternatively, it is more convenient 
to first combine the two equations into the following equivalent second-order equation 
which is manifestly parity-invariant: 

(n-m2)C^= {$^m) (^±m)C;. = 0, t'^C = , S'^C = • (B.6) 

Note that the action corresponding to these equations of motion cannot be used in a 
supersymmetric action since the fermionic kinetic term would have the same number 
of derivatives as the standard bosonic kinetic term describing a spin-2 state. 

We are now ready to perform the procedure of "boosting up the derivatives" in 
the same way as in the bosonic theory where it leads to the higher-derivative NMG 
theory. To be specific, we solve the divergenceless condition d^(fj_ = in terms of a 
new vector-spinor p^ as follows: 

C^ = ^^ (p) = £/^a,pp . (B.7) 

Substituting this solution back into the other two equations in (B.6) leads to the 
higher-derivative equations 

{n-m^)M^{p) = 0, 'j^^M,{p) = 0. (B.8) 

These equations of motion are invariant under the gauge symmetry 

% = d^ri . (B.9) 
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Furthermore, they can be integrated to the following action: 

np] = J d\ [p'-^^ (p) - ^p''$ [$^^ (p) + e/^d^l^, (p)] } . (B.IO) 

One can show that the equations of motion following from this action implies the 
algebraic constraint given in (B.8). The action (B.IO) is precisely the fermionic part 
of the action (4.13) of linearized SNMG. 
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